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The Riesz basis property of a class of
Euler-Bernoulli beam equation
Hua-Cheng Zhou
Abstract
In this paper, we prove that a sequence of generalized eigenvectors of a linear
unbounded operator associated with an Euler-Bernoulli beam equation under bending
moment boundary feedback forms a Riesz basis for the underlying state Hilbert space.
As a consequence, the resulting closed-loop system is exponentially stable.
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1 Introduction
Let us consider the following Euler-Bernoulli beam equation:

wtt(x, t) + wxxxx(x, t) = 0, 0 < x < 1, t ≥ 0,
w(0, t) = wx(0, t) = w(1, t) = 0, t ≥ 0,
wxx(1, t) = u(t), t ≥ 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), 0 ≤ x ≤ 1,
ym(t) = wxt(1, t), t ≥ 0.
(1.1)
In (1.1), w(x, t) is the transverse displacement of the beam at time t and position x, u is
the input (control) through bending moment, ym is the output signal (measured angular
velocity). We are concerned about the following stabilization problem.
Problem. Given gain k > 0, does the proportional feedback u = −kym make the state
(w,wt) of the system exponentially convergent to zero in the sense that for someM,µ > 0,∫ 1
0
[|wt(x, t)|
2 + |wxx(x, t)|
2dx ≤Me−µt
∫ 1
0
[|wt(x, 0)|
2 + |wxx(x, 0)|
2dx ? (1.2)
We remark that when boundary condition w(1, t) = 0 of (1.1) is replaced by wxxx(1, t) = 0,
the exponential stability of system under the same proportional feedback u = −kym
was investigated in Guo and Yu (2001). The motivation studying the above Problem is
to copy with the Euler-Bernoulli beam with shear force control matched uncertainties
(Zhou and Feng (2017)). In this paper, we will prove that the feedback u = −kym does
make system (1.1) exponentially stable in the certain state Hilbert space.
We consider system (1.1) in the energy Hilbert state space defined by
H = H2e (0, 1) × L
2(0, 1), H2e (0, 1) = {φ ∈ H
2(0, 1)| |φ(0) = φ′(0) = 0}, (1.3)
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with the inner product induced norm given by
‖(φ,ψ)‖2H =
∫ 1
0
[|φ′′(x)|2 + |ψ(x)|2]dx, ∀ (φ,ψ) ∈ H.
Under this setting and with the feedback u = −kym, the closed-loop system of (1.1) can
be formulated as
d
dt
(w(·, t), wt(·, t)) = A(w(·, t), wt(·, t)),
where the linear operator is defined as

A(φ,ψ) = (ψ,−φ′′′′), ∀(φ,ψ) ∈ D(A),
D(A) =
{
(φ,ψ) ∈ (H4(0, 1) ×H2e (0, 1)) ∩H : φ
′′(1) = −kψ′(1), φ(1) = 0
}
.
(1.4)
2 Statement and proof of the main results
Our study in the sequel is focused on the Riesz basis properties of the operator A. The
first main result in this paper can be stated as follows.
Theorem 2.1. Let A be given by (1.4). Then, there is a sequence of generalized eigen-
vectors of A which forms a Riesz basis for the state space H. Moreover, A generates an
exponential stable C0-semigroup on H.
Proof. The proof is broken into several steps as follows.
Step 1. We claim that there is a family of eigenvalues {λn, λn}, λn = iτ
2
n of A with the
following asymptotic expression:
τn = (n+ 1/2)pi +O(n
−1), λn = i(n+ 1/2)
2pi2 −
2
k
+O(n−1). (2.1)
A direct computation shows that
A−1(φ,ψ)=
(
(3x2 − x3)
12
∫ 1
0
(1− ξ)3ψ(ξ)dξ+
(x3 − x2)
4
(∫ 1
0
(1− ξ)ψ(ξ)dξ−kφ′(1)
)
−
1
6
∫ x
0
(x− ξ)3ψ(ξ)dξ, φ(x)
)
.
(2.2)
By the Sobolev embedding theorem, A−1 is compact on H, and thus σ(A) only consists
of eigenvalues of A. It is easily seen that λ = iτ2 ∈ σ(A) if and only if there exists φ 6= 0
satisfying {
φ(4)(x)− τ4φ(x) = 0,
φ(0) = φ′(0) = φ(1) = 0, φ′′(1) = −ikτ2φ′(1)
and the associated egienfunction is (φ, λφ). First, the general solution of{
φ(4)(x)− τ4φ(x) = 0,
φ(0) = φ′(0) = 0
is of the form
φ(x) = a1(cos τx− cosh τx) + a2(sin τx− sinh τx) (2.3)
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where a1, a2 are constants. Next, by the condition φ(1) = 0, we have a1 = (sin τ −
sinh τ), a2 = −(cos τ − cosh τ).Substituting this into (2.3) gives
φ(x) = (sin τ − sinh τ)(cos τx− cosh τx)− (cos τ − cosh τ)(sin τx− sinh τx). (2.4)
The last condition φ′′(1) = −ikτ2φ′(1) yields
ikτ [1− cos τ cosh τ ] + cosh τ sin τ − cos τ sinh τ = 0, (2.5)
which can be re-written asymptotically as

cos τ = O(|τ |−1), or
cos τ = −
1
ikτ
[cos τ tanh τ − sin τ ] +O(e−Reτ ), as Imτ bounded Reτ →∞.
(2.6)
By the first equality of (2.6), we get τn = (n + 1/2)pi + O(n
−1). Substitute τn into the
second equality of (2.6) to obtain O(n−1) = − 1[ik(n+1/2)pi] +O(n
−2), and so
λn = i(n+ 1/2)
2pi2 −
2
k
+O(n−1).
Step 2. We claim that there is an eigenfunction (φn, λnφn)
⊤ of A corresponding to λn = iτ
2
n
such that
Fn(x)=
(
−(−1)ne−(n+1/2)pi(1−x) + cos(n+1/2)pix− sin(n+1/2)pix+ e−(n+1/2)pix
−i(−1)ne−(n+1/2)pi(1−x)−i cos(n+1/2)pix+i sin(n+1/2)pix+ie−(n+1/2)pix
)
+O(n−1)
and limn→∞ ‖Fn(x)‖[L2(0,1)]2 = 2, where Fn(x) = 2τ
−2
n e
−τn(φ′′n(x), λnφn(x))
⊤. Actually,
let (φn, λnφn) be the eigenfunction of A corresponding to λn, where φn = φ(x) is defined
by (2.3) with τ = τn. By (2.4), we derive
τ−2φ′′(x) = (sin τ−sinh τ)(− cos τx−cosh τx)−(cos τ−cosh τ)(− sin τx−sinh τx). (2.7)
Noticing that by (2.1), for any y > 0 and 0 ≤ x ≤ 1, e−τny = e−(n+1/2)piy+O(n−1), sin τnx =
sin(n+1/2)pix+O(n−1), cos τnx = cos(n+1/2)pix+O(n
−1), and letting τ = τn in (2.7),
we obtain
2τ−2n e
−τnφ′′n(x)=−(−1)
ne−(n+1/2)pi(1−x)+cos(n+1/2)pix−sin(n+1/2)pix+e−(n+1/2)pix+O(n−1).
The estimate for φn is similar, we omit the detail. By using the Lebesgue’s dominated
convergence theorem, it is easy to verify limn→∞ ‖Fn(x)‖[L2(0,1)]2 = 2.
Step 3. We claim that the eigenfunctions of A form an Riesz basis for H. For this purpose,
we introduce the following auxiliary operator Aa given by

Aa(φ,ψ) = (ψ,−φ
′′′′), ∀(φ,ψ) ∈ D(Aa),
D(Aa) =
{
(φ,ψ) ∈ (H4(0, 1) ×H2e (0, 1)) ∩H : φ
′′(1) = 0, φ(1) = 0
}
.
(2.8)
By letting k = 0 in (2.2), we know that Aa has compact resolvent. It is easily to verify that
the operator Aa is skew-adjoint in the state space H, i.e., A
∗
a = −Aa and all eigenvalues of
Aa are located on the imaginary axis and there is a sequence of generalized eigenfunctions
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of Aa forming a Riesz basis for H. Let λa = iω
2 be the eigenvalue of Aa and (φa, λaφa) be
the eigenfunction of Aa corresponding to λa = iω
2. By letting k = 0 in (2.5), we obtain
coshω sinω − cos τ sinhω = 0, (2.9)
which gives
ωn = (n+ 1/2)pi +O(n
−1).
Similar to the calculation in Step 2, we obtain that the eigenfunction (φan, λanφan) of Aa
have the following asymptotical expression:
Gn(x)=
(
−(−1)ne−(n+1/2)pi(1−x) + cos(n+1/2)pix− sin(n+1/2)pix+ e−(n+1/2)pix
−i(−1)ne−(n+1/2)pi(1−x)−i cos(n+1/2)pix+i sin(n+1/2)pix+ie−(n+1/2)pix
)
+O(n−1),
where Gn(x) = 2ω
−2
n e
−ωn(φ′′an(x), λnφan(x))
⊤. It is easy to see that {(φan, λanφan)}
∞
n=1∪
{conjugates} is a Riesz basis for H. It follows that there is an N > 0 such that
∞∑
n>N
‖Fn −Gn‖[L2(0,1)]2 =
∞∑
n>N
‖2τ−2n e
−τn(φ′′n(x), λnφn(x))
⊤
−2ω−2n e
−ωn(φ′′an(x), λanφan(x))
⊤‖[L2(0,1)]2 =
∞∑
n>N
O(n−2) < +∞.
(2.10)
The same thing is true for conjugates. Therefore, operator A has a sequence of eigenfunc-
tions which quadratically closed to a Riesz basis in the sense of (2.10). By (Guo and Yu,
2001, Theorem 1), we have shown that the eigenfunctions of A form an Riesz basis for H.
Step 4. We claim that A generates an exponential stable C0-semigroup on H. Since the
eigenfunctions of A form an Riesz basis for H that is justified by Step 3, the spectrum-
determined growth condition holds. In order to show that eAt is a exponential stable
semigroup, it suffices to prove that Reλ < 0 for any λ ∈ σ(A). Actually, a simple compu-
tation gives
Re〈A(φ,ψ), (φ,ψ)〉H = −k|ψ
′(1)|2 ≤ 0, (2.11)
which implies that for any λ ∈ σ(A) must satisfy Reλ ≤ 0. Since A−1 is compact, we only
need to show that there is no eigenvalue on the imaginary axis. Let λ = iτ2 ∈ σ(A) with
τ ∈ R+ and the corresponding eigenfunction (φ,ψ)⊤ ∈ D(A). By (2.11),
Re〈A(φ,ψ), (φ,ψ)〉H = Re〈iτ
2(φ,ψ), (φ,ψ)〉H = −k|ψ
′(1)|2 = 0, (2.12)
and hence ψ′(1) = 0. Furthermore, A(φ,ψ) = iτ2(φ,ψ) gives that ψ = iτ2φ with φ
satisfying {
φ(4)(x)− τ4φ(x) = 0,
φ(0) = φ′(0) = φ(1) = φ′(1) = φ′′(1) = 0,
(2.13)
Now, we show that the above equation admits only zero solution. For this, we prove that
there exists at least one zero of φ in (0, 1). Actually, by φ(0) = φ(1) = 0, Rolle’s theorem
yields φ′(ξ1) = 0 for some ξ1 ∈ (0, 1), which, jointly with φ
′(0) = φ′(1) = 0, implies that
φ′′(ξ2) = φ
′′(ξ3) = 0 for some ξ2 ∈ (0, ξ1), ξ3 ∈ (ξ1, 1), and so φ
′′′(ξ4) = φ
′′′(ξ5) = 0 for
some ξ4 ∈ (ξ2, ξ3), ξ5 ∈ (ξ3, 1) by the condition φ
′′(1) = 0. Thus, there exists a ξ6 ∈ (ξ4, ξ5)
such that φ(4)(ξ6) = 0, which, together with the first equation of (2.13), gives φ(ξ6) = 0.
Next, we prove that if there are n different zeros of φ in (0, 1), then there at least n + 1
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number of different zeros of φ in (0, 1). Indeed, suppose that 0 < ξ1 < ξ2 < · · · < ξn < 1,
φ(ξj) = 0, j = 1, 2, . . . , n. Since φ(0) = φ(1) = 0, if follows from Rolle’s theorem that
there exist ηj, j = 1, 2, . . . , n + 1, 0 < η1 < ξ1 < η2 < ξ < 2 · · · < ξn < ηn+1 < 1
such that φ′(ηj) = 0. By φ
′(0) = φ′(1) = 0, using Rolle’s theorem again, there exist
αj , j = 1, 2, . . . , n + 2, 0 < α1 < η1 < α2 < η2 < · · · < ξn+1 < αn+2 < 1 such that
φ′′(αj) = 0. It follows from φ
′′(1) = 0 that there exist βj , j = 1, 2, . . . , n + 2, α1 < β1 <
α2 < β2 < · · · < αn+2 < βn+2 < 1 such that φ
′′′(βj) = 0. Using Rolle’s theorem again,
we have θj , j = 1, 2, . . . , n + 1, β1 < θ1 < β2 < · · · < βn+1 < θn+1 < βn+2 such that
φ(4)(θj) = 0. Thus, φ(θj) = 0, j = 1, 2, . . . , n+ 1. By mathematical induction, there is an
infinite number of different zeros {xj}
∞
j=1 of φ in (0, 1). Let x0 ∈ [0, 1] be an accumulation
point of {xj}
∞
j=1. Obviously, φ
(j)(x0) = 0, j = 0, 1, 2, 3. Since φ satisfies the first equation
of (2.13), by the uniqueness of the solution of linear ordinary different equation, we have
φ ≡ 0. ✷
Remark 2.2. The Riesz basis property of A given by (1.4) could be used in dealing with
disturbance rejection problem considered in Jin and Guo (2015) for Euler-Bernoulli beam
with shear force control (Zhou and Feng (2017)).
Now, we state the second result of this paper as follows:
Theorem 2.3. Let system (1.1) be with the proportional feedback u = −kym. For any
initial state (w(·, 0), wt(·, 0)) ∈ H, the resulting closed loop system of (1.1) admits a unique
solution (w,wt) ∈ C(0,∞;H) satisfying (1.2).
Proof. The results follows directly from Theorem 2.1. ✷
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